The pseudo SU͑3͒ model, in an extended version in which proton and neutron degrees of freedom are incorporated explicitly, is used to study the nature of low-lying magnetic dipole excitations in even-even rare-earth nuclei. Through a linear mapping between invariants of the rotor group and SU͑3͒, a microscopic interpretation of the ''scissors'' mode of the two-rotor model is realized. The model allows for, first, a classification of SU͑3͒ shell-model configurations in terms of collective degrees of freedom and, second, an adjustment of the relative energy of distinct 1 ϩ states. Triaxiality of the parent proton and neutron distributions is shown to add a ''twist'' degree of freedom to the usual ''scissors'' mode picture. This new mode should be observed as: ͑1͒ a low-lying Kϭ0 excitation, and ͑2͒ a second, doubly degenerate, Kϭ1 transition only slightly higher in energy than the usual scissors mode. Fragmentation of the M 1 strength distribution can be reproduced within framework of the model by including representation mixing terms in the Hamiltonian.
I. INTRODUCTION
In 1978 the excitation of strongly enhanced M 1 transitions in heavy, well-deformed nuclei was predicted in the framework of a phenomenological two-rotor model ͑TRM͒, in which protons and neutrons are treated as rigid rotors with elliptical, axially symmetric shapes performing rotational oscillations against each other ͓1,2͔. About six years later this phenomenon was observed in an (e,eЈ) scattering experiment on 156 Gd. Since then its study has attracted considerable attention from both theoretical and experimental physicists ͓3͔.
Numerous experiments, using electron-scattering and nuclear resonance fluorescence techniques, have been carried out in the rare-earth and actinide regions, establishing systematics of the so-called scissors mode ͓4,5͔. They prove the orbital character of the M 1 transitions and show a fragmentation of the strength among several levels. The impact of nuclear deformation on the scissors mode has been investigated by measurements on various chains of even-even rare earth nuclei. The results suggest that the total B(M 1;0 gs ϩ →1 ϩ ) strength below about 4 MeV depends quadratically on the ground-state deformation ͓6͔.
While the main features of the M 1 excitations in deformed even-even nuclei are now well established from an experimental perspective, these developments seem not to be matched by the predictive power of any existing theoretical model. Although the basic properties of the mode can be reproduced within the framework of several phenomenological macroscopic theories ͓7-12͔, a dependence on microscopic degrees of freedom must be invoked to achieve an adequate description of the experimental data ͓13-16͔.
In attempts to gain a deeper understanding of the mode, a number of microscopic calculations have been performed using quasiparticle random phase approximation ͑QRPA͒ and quasiparticle Tamm-Dancoff approximation techniques. However, the results obtained so far deviate strongly from one another, due to, at least in part, the fact that different interactions served as building blocks for their respective Hamiltonians. Another problem which is typically encountered in these calculations is the occurrence of spurious rotational admixtures in calculated 1 ϩ states, the elimination of which requires elaborate manipulations ͓16-18͔. Compared to experiment, RPA calculations tend to overestimate the whole low-energy M 1 strength because a sizeable share is shifted downward from the higher-lying energies induced by spin-flip excitations. Notwithstanding, more recent calculations, as well as studies within the proton-neutron interacting boson model ͓19,20͔ ͑IBM-2͒, suggest that pairing may play a crucial role in explaining the deformation dependence of the M 1 strength ͓10,15,21,22͔.
Given this background, it would obviously be desirable to have a single model that gives a thorough description of low-lying M 1 strengths. The model should satisfy three criteria: ͑i͒ It should display the main collective features of the mode as portrayed by the TRM. This includes its origin from an out-of-phase oscillation of the proton and neutron distributions and the isovector character of the M 1 transition. ͑ii͒ It has to be able to reproduce the experimental observations with special emphasis on fragmentation, deformation, and M 1 form factors. As a consequence, pairing must be a major ingredient of the interaction used. ͑iii͒ Finally, it should provide a framework for investigating the properties of M 1 transitions in even-odd and odd-odd nuclei, for which spin degrees of freedom have to be incorporated. This would also yield an opportunity to study the systematics of M 1 spin excitations and spin admixtures to the orbital mode, respectively.
Due to the aforementioned characteristics of macroscopic and microscopic models, these issues can only be successfully considered if the underlying theory allows for a microscopic interpretation of collective phenomena. Several attempts have been made towards realizing this objective, with most establishing such a link by rewriting shell-model opera-tors in terms of collective quantities. In particular, there are various algebraic theories that exploit group symmetries in order to focus on the collective degrees of freedom ͓23,24͔. Prominent examples are the interacting boson model, the symplectic model, and -as will be discussed at length in this article -the pseudo SU͑3͒ Model. Specifically, Otsuka et al. proposed the F-spin concept within an IBM-2 framework for a Hamiltonian with distinct proton and neutron degrees of freedom ͓20,25͔. A geometrical interpretation of IBM-2 states is based on the concept of an intrinsic state which is a condensate of deformed proton and neutron bosons. This approach includes additional shape degrees of freedom describing the relative orientation of the proton and neutron subsystems ͓8,26͔, which is a feature that appears in the pseudo SU͑3͒ approach as well. In the symplectic model of Rosensteel and Rowe ͓27,28͔, the full shell-model space is expressed in a Sp(3,R) basis which splits the collective and intrinsic degrees of freedom into distinct subspaces. This allows for the identification of the collective content of a shellmodel state, including its proton and neutron subparts when appropriately extended.
In a series of papers we will address the first two criteria, both within the framework of the pseudo SU͑3͒ Model. The pseudo SU͑3͒ scheme is a shell-model theory for heavy deformed nuclei which exhibits several features that make it especially applicable for a description of M 1 excitations in the AϾ100 region. Firstly, it takes full advantage of nuclear symmetries by exploiting the pseudospin concept which allows for an extension of the Elliott model to heavy nuclei where SU͑3͒ appears as a hidden symmetry. Pseudospin symmetry arises from the experimental finding that orbitals with jϭlϪ1/2 and jϭ(lϪ2)ϩ1/2 are almost degenerate in many heavy nuclei due to the presence of a strong spin-orbit interaction. By relabeling the energy levels in such a way that the pairs within a shell are logically ordered with respect to j values of a pseudo oscillator, the shell-model structure can be recovered. Since the Lie algebra of the pseudooscillator is the same as for the normal oscillator, the pseudo SU͑3͒ symmetry can be used to partition different subspaces of the full model space. For further details on the pseudo ↔ normal transformation see Refs. ͓29-32͔. In what follows the pseudocharacter of the physical operators and wave functions will be assumed. Secondly, the model has been extended to include explicitly both the proton-neutron and spin degrees of freedom ͓33,34͔. This opens up an opportunity to study specific properties of not just even-even nuclei but even-odd and odd-odd ones as well. ͑Though not part of the present series, the extension to even-odd and odd-odd systems is currently under consideration.͒ Thirdly, pairing has recently been introduced in the Hamiltonian to accommodate nuclear short-range correlations ͓34͔ in addition to the usual long-range interactions. Used in conjunction with the possibilities of a larger configuration space that includes several irreducible representations ͑irreps͒ of SU͑3͒, the effects of pairing on the M 1 transition strength and its fragmentation can be studied. The latter is subject of the second article in this series which will focus on a description of the M 1 excitations within the pseudo SU͑3͒ approach ͓35͔.
The objective of the present study is to examine the nature of the M 1 excitations as portrayed within the framework of the pseudo SU͑3͒ model. The starting point of the theory is the well-known relation of the SU͑3͒ symmetry group to the symmetry group of the triaxial rotor, Rot͑3͒ ͓36,37͔. Our goal is to show that similar properties hold for the case of two coupled quantum rotors and the tensor product SU͑3͒ ϫSU͑3͒ which is reduced with respect to SU͑3͒. Based on a linear relation between the eigenvalues of the Casimir operators of the rotor group and SU͑3͒, we map the irrep labels of total SU͑3͒ onto collective variables of the joint rotor system. This allows for a classification of states with definite SU͑3͒ symmetry in terms of the relative orientation of two rotors. Attributing the rotor geometry to protons and neutrons separately yields a situation similar to the TRM. Since the restriction to prolate shapes -as proposed in the TRM -is lifted in our approach, three cases rather than just one have to be distinguished. With protons and neutrons assuming different shapes, the number of degrees of freedom characterizing the relative orientation of the subsystems changes from one ͑two prolate rotors͒ to three ͑two triaxial rotors͒. As will be shown below in the SU͑3͒ scheme, this is reflected in the number of parameters needed to specify the allowed product irreps.
The correspondence between the parameters of the theory and the orientation angles of the rotors is subsequently used to derive a geometrical image of a typical SU͑3͒ shell-model Hamiltonian. In this way it is shown that the SU͑3͒ theory not only exhibits rotational features but also includes an intrinsic part which mimics a proton-neutron interaction of quadrupole type by a simple oscillatorlike potential depending on the relative displacement of the proton and neutron distributions. While from a geometrical point of view increasing the relative angles of the subsystems corresponds to an excitation of the system, each orientation, in turn, implies a specific SU͑3͒ configuration in the product space. By a systematic study of this matter, it is proven that all the states with good SU͑3͒ symmetry which contain J ϭ1 ϩ and couple to the ground state by a M 1 transition can be excited by the intrinsic interaction. A generalization of the TRM is obtained first by allowing for additional degrees of freedom as revealed by the geometrical picture and, secondly, by the possible extension of the algebraic pseudo SU͑3͒ model so as to include noncollective interactions.
The paper is organized as follows: next, in Sec. II, we give a brief review of the characteristics of the extended SU͑3͒ shell model which includes a discussion of the Hamiltonian, the basis states, and the reduction of the SU͑3͒ ϫSU͑3͒ tensor product to SU͑3͒. In Sec. III the relation of the algebraic shell-model Hamiltonian to the phenomenologic interaction of the TRM is established, with a case-wise consideration of the different rotor geometries. Section IV is concerned with the application of the mapping to different rare earth nuclei. A summary and some concluding remarks are given in Sec. V.
II. THE NUCLEAR HAMILTONIAN IN THE SU"3… SCHEME
The simplest Hamiltonian which exhibits all features needed to establish a proper link between the microscopic approach within the SU͑3͒ scheme and the phenomenologic TRM is given by
where Q denotes the quadrupole operator of protons (ϭ) or neutrons (ϭ) and L is the corresponding collective orbital angular momentum. The operator K L 2 represents a residual interaction which is designed to accommodate K-band splitting ͓38͔. Both, L 2 and K L 2 , are of crucial importance in describing the rotational spectra of deformed nuclei ͓39͔. C 2 denotes the second-order Casimir operator of total SU͑3͒. The term (,)C 2 , with
is introduced to correctly position the excitation energies of different SU͑3͒ irreps (,) according to their underlying D 2 symmetry ͓40͔. In this way representations with and even (A symmetry͒ are energetically shifted downward relative to the irreps with or odd (B ␣ symmetry ␣ϭ1,2,3).
Guided by the notion that the Hamiltonian can be composed entirely of a rotational part and a part which represents the intrinsic motion, we consider the following identities:
Herein C 2 denotes the second-order Casimir operator of SU͑3͒. In the fourth and fifth equation the total and relative orbital angular momenta of the proton-neutron system are defined. With these relations in hand the Hamiltonian splits up into two terms:
generating the rotational part of the nuclear spectrum and an additional one,
which will be subject of the discussion in the following sections. The coefficients a,b,c,d , and f are constants connected to the initial coefficients c 1 Ϫc 5 by a simple linear mapping. While a,b,c, and d are positive, the sign of f is determined by the strength of the quadrupole-quadrupole interaction of like particles relative to the one between protons and neutrons. If f Ͼ0, the Q •Q interaction dominates, whereas, if the opposite is true the proton-neutron interaction is weaker than the proton-proton and neutron-neutron one. In expression ͑10͒, cl 2 yields the kinetic energy of the relative motion of protons and neutrons while the remainder consists of the second-order Casimir operators of SU (3), SU (3) and total SU͑3͒, respectively.
In order to get an idea of the properties of H int , let us assume that the Hamiltonian H acts on many-particle basis states of the Elliott SU͑3͒ scheme, which explicitly take into account spin and proton-neutron degrees of freedom. These wave functions are labeled by eigenvalues of the Casimir invariants of the underlying symmetry groups. Additional indices are required to indicate multiplicities in the group reduction chain. It is important to note a major difference between the original Elliott model ͓41͔ and our extended approach: while the Elliott model describes the dynamics of only three collective degrees of freedom, the separate treatment of protons and neutrons requires our basis to account for four ͑axial͒ to six ͑triaxial͒ collective degrees of freedom. Hence, the identification of the wave functions is carried out using the irrep labels of SU͑3͒ for protons, ( , ), and neutrons, ( , ), separately. A subsequent reduction of the SU (3)ϫSU (3) tensor product yields a series of possible (,) configurations and allows a labeling with respect to total SU͑3͒ characterizing the proton-neutron system as a whole. Introducing quantum numbers N , ͓ f ͔, and ( , ) to characterize the irreps of U(2⍀ ) ͑particle permutation͒, U(⍀ ) ͑space͒ and SU͑3͒ ͑shape͒ for protons and neutrons, respectively, the basis states take on the form
where J, L, M , and are the SU͑3͒ quantum numbers of a rotor, with specifying the multiplicity of the SU͑3͒ ʛSO(3) reduction. S represents the total spin and ␣ denotes the multiplicity labels for the U(⍀ )ʛSU (3) reduction. The index is a non-negative integer labeling the distinct occurrences of the same (,) in the SU (3)ϫSU (3) product.
In this basis the eigenvalues of C 2 , C 2 and total C 2 are related to the irrep labels (,) of the corresponding SU͑3͒ irreps:
Performing the decomposition of the direct product, one obtains a number of irreps belonging to the coupled SU͑3͒, each with a specific eigenvalue for the second order invariant ͑see Fig. 1͒ . To figure out how ͗C 2 ͘ for each irrep is linked to the initial irrep labels ( , ) and ( , ) of protons and neutrons, one has to study the SU (3)ϫSU (3) ʛSU(3) reduction procedure in greater detail.
The decomposition leads to a sum of SU͑3͒ irreps with integer multiplicity which is determined by the Littlewood rules for coupling Young diagrams. To express the allowed product configurations in mathematical terms there is a need for three quantum numbers (m,n,k) ͓42͔:
where each parameter is defined in a fixed range given implicitly by the values of the initial SU͑3͒ representations ͓3͔.
Since the final (,) configurations depend only on the difference nϪk, it is convenient to introduce the label
lϭmϪnϩk. ͑15͒
Accordingly, Eq. ͑14͒ transforms into
In this formulation (,) turns out to be independent of k. Hence, k serves to distinguish between multiple occurrences of the same (,) in the tensor product. 
Ϫm ͒ϩl͑ ϩ ϩ1ϩmϪl ͔͒. ͑17͒
For later usage we also determine the expectation value of the third-order Casimir operator, C 3 , of the final SU͑3͒ in terms of the decomposition parameters. Proceeding as sketched above one finds its dependence on m and l to be
ϫ͓2͑ ϩ ͒ϩ ϩ Ϫ3͑mϪ1͔͒.
͑18͒
Two special cases of Eq. ͑17͒ need to be discussed: If either or equals zero the Littlewood rules demand kϭ0 ͑simple reducibility͒ which, in turn, invokes the constraint mуl and the pattern of allowed total SU͑3͒ irreps is restricted. Additionally, assuming the second to be zero, fixes l at 0. Thus, Eq. ͑17͒ reduces to
͑19͒
Equipped with this information, we can now turn to a first interpretation of H int . As previously shown, the part ϪdC 2 ϩ f (C 2 ϩC 2 ) is diagonal in our basis. From a physical perspective its function in the Hamiltonian is to lower the energy of the more deformed proton-neutron configurations relative to the ones that are less deformed. To understand this statement, recall that there is a one-to-one correspondence between the irrep labels (,) and the shape variables (␤,␥) of the collective model ͓37͔:
Specifying (,) is therefore equivalent to specifying the deformation of the joint proton-neutron distribution. Note that because nuclei are quantum systems only certain deformations are allowed, namely, those which are determined by the SU (3)ϫSU (3) decomposition. When the term ϪdC 2 ϩ f (C 2 ϩC 2 ) acts on different basis states, only the first of the three terms changes since the proton and neutron irreps remain the same. With d being a positive constant the most deformed configuration, which is the one with maximum C 2 , is pulled down in energy relative to the one that is slightly less deformed, having a smaller C 2 value. Hence, according to Eq. ͑17͒, the low-energy part of the spectrum is essentially given by irreps exhibiting small quantum numbers m and l ͑compare the dependence of C 2 on the parameters m and l is approximately linear. Arguing in the same way, one also finds ␤ 2 to be a linear function of the decomposition parameters. Notice that in the special case ϭ ϭ0 the linear approximation remains valid because l is restricted to zero. In this limit the deformation is fixed solely by the value of m, as implied by Eq. ͑19͒.
Instead of employing the SU͑3͒-rotor connection to the nucleus as a whole, one can apply the mapping to the SU͑3͒ irreps of the protons and neutrons individually. In this way deformation degrees of freedom (␤ ,␥ ), with ϭ,, are assigned to the proton and neutron distributions separately. Assuming the nucleus to consist of two overlapping ellipsoidal mass distributions, one for protons and one for neutrons, the geometrical counterpart of the SU (3)ϫSU (3) ʛSU(3) reduction is given by an expansion of the product (␤ ,␥ ) (␤ ,␥ ) in terms of quadrupole mass distributions (␤,␥) of the system as a whole. To determine the (␤,␥) value of the joint system one needs three parameters in addition to the shape variables of the individual protonneutron distributions. These parameters are required to specify the relative orientation of the proton and neutron principal axes subsystems. Pictorially, changing the system's deformation can then be considered to correspond to a change in the relative angles of orientation of the principal axes of the proton and neutron subsystems.
1 While from a geometrical point of view the nuclear shape is a function of the relative orientation angles of protons and neutrons, the (,)↔(␤,␥) correspondence implies the dependence of (␤,␥) on the SU͑3͒ decomposition parameters, m and l, as discussed before. Due to this triangle relation, a mapping can be derived which associates the set of angles with the parameters m and l. This finding, together with Eq. ͑10͒ suggests a natural way for parametrizing the proton-neutron interaction in terms of the geometry of two rotors. The next section is devoted to a quantitative treatment of this geometrical picture.
III. RELATION TO THE TWO ROTOR MODEL
Taking advantage of the intuitive power of the TRM in understanding the nature of the scissors mode, we will next attribute its geometry to the SU͑3͒ proton-neutron coupling scheme, which raises the possibility of establishing a simple phenomenological interaction corresponding to H int . This, first, offers the opportunity to set up a physically meaningful way to distinguish between different (,) when coupling deformed proton-neutron configurations in heavy nuclei. And second, the SU͑3͒-TRM relation -to be probedmay be used to unite the ability of the TRM to explain the basic characteristics of the mode geometrically with realistic shell-model calculations that are able to address more refined issues such as clustering and fragmentation of the M 1 strength ͓35͔.
A. Geometrical considerations
To generalize the picture of the TRM, we consider the protons and neutrons to form rigid triaxial ellipsoidal shapes. Their relative motion can then be characterized by three angles. These angles may be specified as follows: First we allow the protons to rotate about their body-fixed principal x ជ axis by an angle and, respectively, the neutrons to rotate about x ជ by . With denoting the angle between x ជ and x ជ , the third degree of freedom is defined. Following Lo Iudice and Palumbo ͓2͔, we are now able to introduce an intrinsic coordinate frame by
Expressing the relative angular momentum l ជ in the new coordinate frame yields
With the abbreviations 1 The relative orientation of the proton and neutron distributons is to be understood in a dynamical sense-the picture is not meant to imply a fixed orientation because the latter would not be expandable in terms of quadrupole shapes only, which is what the direct product reduction implies.
FIG. 2.
Eigenvalues of C 2 plotted as a function of the two irrep decomposition labels m and l. C 2 takes on its maximum value for mϭlϭ0 and shows an approximately linear decrease with higher m and l numbers. There are only a finite number of bars in the plane due to the fact that only certain SU͑3͒ couplings are allowed which is a consequence of the fermion nature of the system.
it can be written as
B. Interpretation of the intrinsic interaction
According to Eq. ͑30͒, the kinetic part of the intrinsic interaction turns out to be
with the different degrees of freedom being strongly coupled. In order to make the expression easier to handle while still conserving its main physical properties, there is a need to introduce further simplifications. A restriction to small angles, only taking into account terms up to second order in angular variables, yields
Since we focus on describing the low-energy region of the nuclear spectrum, it is justified to demand, additionally, that rotations about either x ជ or x ជ to be carried out slowly, which means ͗l ϩ 2 ͘Ϸ͗l Ϫ 2 ͘. Hence, the last term in Eq. ͑32͒
can be neglected, which yields, finally:
In this equation the motion about the joint z axis is completely decoupled from the motion about the intrinsic x axes of the proton and neutron subsystems. While the rotation performed about the z axis is apparently similar to the one proposed in the TRM, our model includes an additional degree of freedom, related to and , which is introduced by allowing for triaxial shapes of the initial distributions. In what follows the motion allowed by this will be called the twist mode, since it represents a twisting of the protons and neutrons against each other. As has been discussed above, the remaining part of H int is affected by the deformation of the joint distribution and thus changes with the relative displacement of protons and neutrons. Now we want to employ the geometrical considerations given above to establish a relation between ϪdC 2 ϩ f (C 2 ϩC 2 ) and the rotation angles (, , ). In so doing, it will be shown that this term can be regarded as a restoring potential depending on the three angles.
For the derivation we proceed as outlined in a previous paper ͓42͔ for the case of one axially symmetric and one triaxial rotor. In the present approach, however, this restriction is lifted so both rotors are free to have triaxial shapes. The starting point is the invariants of the rotor group Rot(3)ϭT 5 ϫSO(3). As for SU͑3͒, it has two Casimir invariants, traces of the square Tr"(Q c ) 2 … and cube Tr"(Q c ) 3 … of the collective quadrupole matrix. The quadrupole matrix of a nucleus composed of protons and neutrons is, of course, calculated as the sum of the quadrupole matrixes of the separate subsystems, with the protons rotated relative to the neutrons according to Eqs. ͑23͒-͑25͒. Hence, the joint quadrupole tensor and the Casimir operators of Rot͑3͒ become explicitly dependent on the relative orientation of the proton and neutron distributions. Additionally, requiring a linear correspondence between the invariant measures of SU͑3͒ and Rot͑3͒ allows one to express Tr"(Q c ) 2 … and Tr"(Q c )
3
… in terms of SU͑3͒ irrep labels (,) . Putting all the pieces together, the invariants of Rot͑3͒ are represented as
Or, vice versa, given the linear relation of Tr"(Q c ) 2 … and Tr "(Q c ) 3 … and C 2 and C 3 ,
as developed by Castaños et al. ͓33͔ , the dependence of the Casimir operators of SU͑3͒ on the angular variables can be deduced. Unfortunately, the system of nonlinear equations given by Eqs. ͑34͒ and ͑35͒ is not exactly solvable with respect to the angles (, , ). However, the case of arbitrary SU͑3͒ labels can be treated in the limit of small angles, neglecting terms of the order three and higher, which is consistent with the analysis for the kinetic energy. Under this constraint Eqs. ͑34͒ and ͑35͒ reduce to the relations
Ϫ͑ ϩ1͒͑ ϩ1͓͒ ϩ ϩ2͑ ϩ ͒ϩ6͔ 2 ϩ͑ ϩ1͒͑ ϩ1͒
Note, that in this approximation the invariants are symmetric in and , since only their difference enters and it appears quadratically. For this reason the new label
is introduced. In this limit the twist degree of freedom for the proton and neutron sub-systems, represented by Ϫ , is decoupled from the scissorslike one, associated with .
Special case: Algebraic image of two axial rotors
To become familiar with the proposed scheme of relating the SU (3)ϫSU (3) coupling to the relative orientation of two rigid rotors, we start by considering the special case ϭ ϭ0. By invoking the (␤,␥)↔(,) mapping for each subsystem separately, it turns out that this setting corresponds to both rotors being ͑approximately͒ axially symmetric, which yields a situation equivalent to the one in the original TRM. Hence, to guarantee a quantum mechanically correct description of the motion, rotations about the symmetry axes have to be excluded, which implies
Due to this, the kinetic energy of the intrinsic motion reduces to just simply cl 2 . For the treatment of the remainder, ϪdC 2 ϩ f (C 2 ϩC 2 ), we make use of Eqs. ͑37͒ and ͑38͒. Realizing that for heavy nuclei the coefficients that determine the importance of Ϫ are of the order 1/( ) compared to the coefficients depending on , inducing deviations of less than 1% in heavy nuclei, we can neglect terms that depend upon the twist degree of freedom:
Taking into account both parts of H int , in this approximation the intrinsic interaction of protons and neutrons depends solely on the angle between the symmetry axes of the rotors and its conjugate momenta l . On the other hand, it is known from the considerations in Sec. II that C 2 and C 3 are related to the SU͑3͒ decomposition parameters. The corresponding construction in the SU͑3͒ case is given by Eq. ͑19͒ for C 2 and Eq. ͑18͒ for C 3 by taking lϭ0, in accordance with the coupling ( ,0)ϫ( ,0). These equations can be associated with Eqs. ͑41͒ and ͑42͒, respectively, and yield two analytic expressions for the square of the orientation angle in terms of m. A straightforward calculation shows that there is a unique solution to these equations: 2 ϭ m͑ ϩ ϩ1Ϫm ͒ϩ ϩ ϩ3
where the integer m varies from 0 to min( , ). Hence, the value of 2 is assigned a set of discrete values starting with a minimum at mϭ0 going up to a maximum displacement at mϭ min( , ). When focusing on small angles, which means assuming small m (mӶ ϩ ), Eq. ͑43͒ is well approximated by a linear function in m.
For a physical interpretation of this result, note that 2 has the meaning of an expectation value. The quantum nature of the problem is reflected by the fact that only certain angular displacements of the two subsystems are allowed. The potential that governs the motion is given by ϪdC 2 ϩ f (C 2 ϩC 2 ). Referring to Eq. ͑41͒, we see that it assumes the form of a simple one-dimensional oscillator which is shifted by a constant amount related to the irreps of the parent SU (3) configurations. As expected, increasing the relative displacement of the protons neutrons, which coincides with decreasing the deformation of the joint distribution, results in an increase of the potential energy of the system.
Using this information, the geometrical image of the algebraic Hamiltonian H int can easily be deduced:
͑44͒
Since l is the conjugate momentum to , the Hamiltonian of the intrinsic interaction apparently exhibits the structure of an one-dimensional oscillator with eigenvalues
where E 0 is a constant that is of no importance for the calculation of nuclear spectra as long as only one SU (3) irrep of protons and neutrons is considered. The oscillator frequency in Eq. ͑45͒ depends on the parameters c and d as well as on the initial proton and neutron irrep labels and is defined as ϭͱ48cd͑ ϩ1͒͑ ϩ1͒. ͑46͒
Staying in the oscillator picture, it is well-known from elementary quantum mechanics that the expectation values are related to frequencies in the following way:
Thus, we have two expressions at our disposal that give the expectation value of 2 . Realizing that both show a linear behavior, the association of the parameter m with the number of oscillator phonons in the system is justified:
In this way the Hamiltonian ͑10͒ proposed to mimic the intrinsic motion is found to be a simple harmonic oscillator in one dimension, and additionally, the SU͑3͒ irreps which are part of the SU͑3͒ tensor product decomposition are linked to oscillator states of the interaction. It therefore appears we have discovered the algebraic shell-model equivalent of the phenomenological, collective TRM. Differences between the two theories follow because SU͑3͒ is a compact group with finite-dimensional unitary representations, which is indicated by the fact that the integer m has an upper limit, min( , ). The rotor group Rot͑3͒, on the other hand, is noncompact and therefore has infinitedimensional unitary representations. In this picture it must be emphasized that the interpretation of SU͑3͒ irreps as oscillator states is only valid for the irreps with highest C 2 , meaning small m or small angles , respectively.
It follows from these considerations that the ground state of the oscillator has mϭ0 which corresponds to the leading irrep (,)ϭ( ϩ ,0). The first rotational band (Kϭ0) as well as the ␥ band (Kϭ2) are built on this state of lowest internal excitation. The (,)ϭ( ϩ Ϫ2,1) irrep is a single quanta (mϭ1) internally excited configuration. It is the first configuration that contains a J ϭ1 ϩ state and is the bandhead of a Kϭ1 mode. This scissors state is not only separated from the ground state of the nucleus by the intrinsic energy ប but also has the additional rotational energy of a 1 ϩ , Kϭ1 state. It has been shown that in a purely SU͑3͒ symmetric environment this state is the only one which can couple to the ground state by a M 1 transition ͓33͔. Adding another phonon (mϭ2) yields the SU͑3͒ irrep (,)ϭ( ϩ Ϫ4,2). This irrep includes a Kϭ0 state that is the bandhead of a second rotational band. In the model, this is the bandhead of the ␤ band which must therefore lie at an excitation energy E(0 2 ϩ ) of 2ប . A schematic spectrum of the excitation energies provided by the geometry of two axial rotors is represented in Fig. 3 . The values 0,1, and 2 for m are sufficiently low to guarantee the validity of the approximation and, at the same time, allow the description of the most important states of the nuclear energy spectrum within the framework of our schematic model, since they include the ground-state band, the ␤ and the ␥ bands, as well as the first 1 ϩ state. As in the TRM, in its SU͑3͒ counterpart the M 1 excitation strength is concentrated in one single state due to strict selection rules implied by the SU͑3͒ direct product reduction ͓46͔. This is contrary to experiments which report the fragmentation of the orbital M 1 strength into several states ͓5͔. The present approach, which serves as a first step towards more realistic calculations, can be extended to produce fragmentation by including noncollective interactions like pair- FIG. 3 . Schematic excitation spectrum of a nucleus consisting of axially symmetric proton and neutron distributions. Depicted are the ground-state band and the ␥ band ͑left͒, the ␤ band ͑middle͒ and the scissors band, which contains the only 1 ϩ state which couples to the ground-state via a M1 transition ͑right͒.
ing. By employing the information on the position of the energy states provided above together with Eq. ͑46͒, it is possible to derive an expression for the product of the strength parameter c•d, if the experimental value of the second 0 ϩ state is known:
Using Eq. ͑43͒ in the limit of small m in conjunction with Eq. ͑47͒, one also obtains a complementary expression for the ratio c/d in terms of SU (3) irrep labels:
Solving for c and d yields
These strength parameters may serve as input for shell-model calculations within the pseudo SU͑3͒ scheme, including an extended set of basis states together with a Hamiltonian that exhibits noncollective features and couples different SU͑3͒ irreps.
General case: Algebraic image of coupled triaxial rotors
In this subsection we will present an extension of the above derivation, which adds a second degree of freedom to the original TRM. Specifically, we consider the case of a general SU (3)ϫSU (3) coupling with either or or both being nonzero, which makes the pattern of allowed final SU͑3͒ irreps substantially richer than in the previous case. Switching to the geometrical picture, at least one of the subsystems assumes a triaxial shape, as can be seen from the (␤,␥)↔(,) mapping. Hence, two ͑one prolate and one triaxal shape͒ or three angles ͑two triaxial shapes͒ are needed to describe the relative orientation of the two-rotor system. Correspondingly, the kinetic energy of intrinsic motion remains as in Eq. ͑33͒, with L x being zero if the rotor is axially symmetric.
At this point we make use of the fact that l Ϫ is the conjugate momentum to Ϫ to realize that the motion of the system of two rotors can be effectively treated as having two degrees of freedom given by and Ϫ . In this regard, note it is only the difference of the coordinates and that appears in the kinetic and potential parts of interaction, ͗C 2 ͘ϭϭ͑ ϩ ϩ2͒ 2 ϩ͑ ϩ ϩ2͒͑ ϩ ϩ2͒ ϩ͑ ϩ ϩ2͒ 2 Ϫ3͓4͑ ϩ1͒͑ ϩ1͒
in accordance with Eqs. ͑37͒ and ͑38͒. With relation ͑53͒ in hand, we can rewrite the intrinsic Hamiltonian of Eq. ͑10͒ in terms of angular coordinates (, Ϫ ) and their conjugate momenta (l ,l Ϫ ):
Ϫ f ͓͑ ϩ1͒͑2 ϩ ϩ3͒ϩ͑ ϩ1͒ ϫ͑2 ϩ ϩ3͒Ϫ3͔. ͑55͒
The general intrinsic Hamiltonian again shows a oscillatorlike behavior, where, in contrast to the first case, a second degree of freedom appears. However, the prescription outlined before can be applied exactly to the two-dimensional harmonic, anisotropic oscillator. Accordingly, the eigenvalues of H int are
with a constant E 0 Ј and oscillator frequencies and Ϫ defined as ϭͱ48cd͑ ϩ1͒͑ ϩ1͒, Ϫ ϭͱ48cd͑ ϩ1͒͑ ϩ1͒. ͑57͒
As in the previous case there are two ways of expressing the expectation values of the variables and Ϫ . First, due to the oscillator structure of the Hamiltonian, they can be related to the frequencies:
Second, to obtain the dependence of the angular fluctuations on the Casimir invariants of SU͑3͒ one can solve Eqs. ͑53͒ and ͑53͒ with respect to 2 and Ϫ 2 :
In turn, an expression of the eigenvalues of C 2 and C 3 in terms of the SU͑3͒ irrep labels has been derived in Eqs. ͑17͒ and ͑18͒. By plugging these relations into Eqs. ͑60͒ and ͑61͒, one finally arrives at a solution for the expectation values as a function of the decomposition parameters m and l:
where the integers m and l undergo certain restrictions coming from an application of the Littlewood rules ͓3͔. In particular, if either or equals zero then mуl.
To complete the analogy, consider small values of the decomposition labels (mӶ ϩ and lӶ ϩ ). In this limit 2 and Ϫ 2 behave as linear functions of only one of the parameters:
with constants 0 2 and 0 2 . By a comparison of the arguments of 2 in Eqs. ͑58͒ and ͑64͒ as well as Ϫ 2 in Eqs. ͑59͒ and ͑65͒, the associations mϭn , lϭn Ϫ ͑66͒ are suggested. These results are to be interpreted as a generalization of the preceding discussion to the case of triaxial rotors. In this sense the algebraic image of the TRM is extended by one degree of freedom. While from the previous calculations it turned out that the rotations about the joint z axis of the subdistributions are quantized with respect to the label m, here, the scissors and twist modes both enter and are governed, respectively, by the integers m and l. The leading irrep of the decomposed SU͑3͒ tensor product,
which corresponds to (m,l)ϭ(0,0), is always associated with a minimum in the relative angular displacements. In this case the proton and neutron distributions overlap maximally, generating maximum deformation of the system. Any other value for m and l provides a specific expectation value of the angular variables which, in turn, is related to a well-defined energy associated with the intrinsic motion. Assuming prolate shapes for the parent distributions, Ͼ , each phonon added to the scissors mode produces a larger increase in energy than a phonon added to the twist motion. This, of course, reflects the anisotropic character of the intrinsic Hamiltonian and a softness of the twist degree of freedom relative to the stiffer scissors mode. The configuration
is the first scissorslike configuration for it is always part of the tensor product decomposition and contains a J ϭ1 ϩ state which is the bandhead of a Kϭ1 mode. Its corresponding SU͑3͒ coupling parameters are (m,l)ϭ(1,0). Thus, it only excites the -dependent motion by one quanta. This state is the same as the one discussed for the case of two axial rotors, where and were equal to zero. If either or is nonzero, a second scissors state appears which is given by ͑ , ͒ϭ͑ ϩ Ϫ1, ϩ Ϫ1 ͒ ͑69͒
or (1,1) in terms of (m,l). According to the underlying geometrical picture this structure is produced by a superimposing a Ϫ twist motion on top of the lowest scissors configuration. Since these modes are identical except for their total SU͑3͒ irrep, their energy difference is a result of different intrinsic motions. The most general setting is given if and are both nonzero. Then a third 1 ϩ state can be identified stemming from (m,l)ϭ(0,1):
It differs from the first two not only in its intrinsic energy but also because it belongs to a Kϭ0 band. In addition to the above, one obtains a fourth scissors state which differs from the second one solely in its value of the outer multiplicity parameter and, depending on the definition of the multiplicity, seems to carry little B(M 1) strength if the pseudo SU͑3͒ symmetry is approximately conserved ͓33͔. Under this assumption, and in conjunction with the restriction to S ϭS ϭ0 configurations, the last situation gives the maximum number of 1 ϩ states with nonzero transition strength to the ground state.
A detailed description on how one determines the actual number of 1 ϩ levels and their M 1 strengths can be found in a review article by Castaños et al. ͓33͔ . Here, we want to link their result to our geometrical interpretation. To summarize, the theory predicts between one and four distinct collective 1 ϩ excitations which can couple to the ground state via a M 1 transition. The actual number depends on the geometry chosen. If and both equal zero, which implies two axially symmetric subsystems, there is a unique scissors state. A second 1 ϩ state emerges if one triaxal and one axial rotor are present, i.e., either or are nonzero. For neither nor zero, corresponding to two triaxial distributions, a set of four 1 ϩ states can be identified. The different geometries of the two-rotor system not only fix the number of 1 ϩ excitations that have nonvanishing M 1 strength to the ground state, they also determine their relative position in the energy spectrum. To prove this, consider the SU͑3͒ irrep which generates the ␤ band in our phonon picture. Here, the result depends on the geometry as well. It turns out that for two triaxial rotors of prolate shape ( Ͼ ) in a quadrupole-quadrupole interaction-dominated environment the representation
is the one that includes the ␤ band. The associated intrinsic excitation consists of two twist and no scissors phonons. The corresponding bandhead is the second 0 ϩ state and comes with a total energy of 2ប Ϫ . But for one axial and one triaxial rotor this SU͑3͒ irrep is not allowed since the inequality mуl holds. In this case the ␤ band belongs to the irrep ͑ , ͒ϭ͑ ϩ Ϫ4, ϩ ϩ2 ͒ ͑72͒
consisting of two scissors and zero twist phonons. Accordingly, the second 0 ϩ state has an excitation energy of 2ប . Clearly the 2ប excitation corresponds to the third 0 ϩ if one deals with two triaxial rotors.
Due to Eq. ͑57͒, the product ͱcd is related to the properties of the intrinsic excitation energy of the nucleus. Given the energy of the bandhead of the ␤ band from experiment, it is possible to deduce c•d once the quantum numbers of the states and the effects of the remaining terms of the Hamiltonian are known. For two triaxial distributions the product c•d is found to be
while in the presence of one axial rotor it is
By means of these two relations it is possible to express the energy attributed to one phonon of either mode in terms of the energy of the second 0 ϩ state, E(0 2 ϩ ):
͑i͒ Two triaxial rotors:
͑75͒
͑ii͒ One axial and one triaxial rotor:
͑76͒
Taking into account the relation between the number of phonons in each mode and the SU͑3͒ irrep, the intrinsic energy of the 1 ϩ states can be determined. One must realize that the building blocks of the intrinsic energies as represented by Eqs. ͑75͒ and ͑76͒ are directly proportional to one another with their differences being due to the value of the initial SU͑3͒ quantum numbers.
For the case of two triaxial shapes the analysis shows that for prolate nuclei (Ͼ) the 1 ϩ state with (m,l)ϭ(1,1) lies highest in energy,
It is separated from the 1 ϩ state with (m,l)ϭ(1,0) by their difference in intrinsic energy ប Ϫ :
The lowest 1 ϩ state has an intrinsic energy given by
It is generated by the twist mode ͓(m,l)ϭ(0,1)͔ and characterized by Kϭ0 in contrast to the others which belong to Kϭ1 bands. Therefore, the energy gap between the second or third 1 ϩ and the first one is composed of an intrinsic part plus a rotational part associated with K-band splitting. The overall energy separation between the highest and lowest 1 ϩ excitation induced by the intrinsic Hamiltonian is given by
Attributing an axially symmetric shape to one of the rotors, the first 1 ϩ state has an intrinsic energy of
while the second one carries an additional energy of ប Ϫ :
This energy difference remains the same when other terms of the Hamiltonian Eq. ͑8͒ are taken into consideration because both correspond to a Kϭ1 mode. Since we have assumed prolate shapes for the nuclei, the quantity ⌬E int can be small compared, for example, to the energy differences involving scissors phonons. This will be studied in detail in the examples of the following section. A typical spectrum for the case of two triaxial distributions for protons and neutrons is depicted in Fig. 4 . Figure 5 shows a schematic spectrum for a nucleus consisting of one axial and one triaxial subsystem. At this point, it is necessary to consider an essential difference in the treatment of the system of two axial rotors and the one allowing for triaxial shapes. While the strength parameter of the harmonic potential in the first case is free to take on any positive value, the intrinsic Hamiltonian as given by Eq. ͑55͒ links the relative strengths attributed to the scissors and twist modes to one another. This restrictive relationship again becomes evident in Eqs. ͑58͒ and ͑59͒. There, the two expressions provides the ratio ͱc/d for a given set of SU͑3͒ quantum numbers which might give rise to contradictions. In order to obtain an unambiguous result for the ratio, a constraint on the SU͑3͒ irrep labels has to be imposed. The condition is found by considering the increase in the expectation values as phonons are put into the scissors and twist modes, respectively. This phenomenon is characterized by two proportionality factors for each mode, stemming from the oscillator picture ͓Eqs. ͑58͒, ͑59͔͒ and the SU͑3͒ decomposition ͓Eqs. ͑64͒, ͑65͔͒. Requiring them to be equal yields two equations:
which have to be fulfilled simultaneously. Out of these a constraint equation is gained by solving for ͱc/d. After linking the results with one another, one arrives at the condition ϩ ϩ1
which ensures a harmonic behavior for the system. This means that changes in the angular variables clearly follow a harmonic pattern. Since we already have determined the product c•d from geometrical considerations, both c and d are fixed. Assuming two triaxial rotors the result is
in accordance with condition ͑85͒. The case of one axial and one triaxial rotor formally coincides with the one of two axial rotors:
Note, that here c is given in units of MeV/ប 2 whereas the associated operator l ជ 2 is calculated in units of ប 2 . Dealing with dimensionless l ជ 2 corresponds to c being determined in MeV. Again, the values of c and d may serve as input for realistic SU͑3͒ shell-model calculations ͓35͔.
IV. EXAMPLES
In order to illustrate the procedure sketched above, consider the rare earth nuclei be found in the article by Castaños et al. ͓33͔ .
To demonstrate the procedure, take 160 Gd as an example.
160
Gd accommodates a total of 64 protons and 96 neutrons. Eight protons are found in the valence pseudo ñϭ3 shell and eight neutrons belong to the ñϭ4 shell. From this the dominant SU͑3͒ irreps for the protons and neutrons can be determined to be, respectively, ( , )ϭ(10,4) and ( , )ϭ(18,4) by successively filling from below the levels of the appropriate single-particle Nilsson diagram. Associated with these irreps is the geometrical picture of two triaxial rotors with both subsystems interacting via the algebraic image of a two-dimensional, anisotropic oscillator. The leading irrep of the coupled SU͑3͒ which generates the ground-state band, is given by the sum of the initial representations: (,)ϭ( ϩ , ϩ )ϭ (28, 8) . The irrep containing the second 0 ϩ state is (30,4). Due to the underlying geometrical picture, there are four coupled SU͑3͒ irreps which include a J ϭ1 ϩ state and contribute to the B(M 1) strength to the ground state. They can be identified as (26,9), (27,7) 1 , (29,6), and (27,7) 2 , where the subscript indicates the SU͑3͒ outer multiplicity. While the representations (26,9) and (27,7) have Kϭ1, the 1 ϩ state belonging to (29,6) stems from a Kϭ0 band ͓33͔. Hence, the total excitation energy of (26,9) and (27,7) differs only by an associated intrinsic energy, namely the energy of one quanta in the twist mode. The (26,9) and (27,7) are distinguished from (29,6) by intrinsic energies as well as a contribution from K L 2 in the Hamiltonian. A summary of all configurations of interest for the three nuclei under consideration is presented in Table I .
The most probable SU (3) irreps for each nucleus are given in column 2 and 3. From these results it can be readily seen that the configuration of 154 Sm corresponds to the case of two axial rotors, while in 156 Gd the geometry attributed to protons and neutrons consists of one axial and one triaxial rotor, respectively. The results of the coupling of proton and neutron irreps to a single leading irrep are listed in the fourth column. As discussed earlier, under the assumption that protons and neutrons interact mainly through their quadrupole moments, the leading irrep dominates the low-energy part of the spectrum. The ␤ band, which has the second 0 ϩ state as its bandhead, is given in the fifth column. Column 6 and 7 show the SU͑3͒ irreps associated with the 1 ϩ states that have nonzero M 1 transition strength to the ground state and their angular momentum projection on the intrinsic z axis, respectively.
The nuclei are chosen in such a way that each nucleus Table I. The energy difference of the 1 ϩ excitations results from the phonon energies in the oscillator picture, while the absolute position of the levels follows by an appropriate shift due to the SU͑3͒ scalar interactions of relation ͑9͒. The exact numbers are determined according to Eqs. ͑77͒-͑79͒ for As can be seen in Fig. 6 , the energy gap between the first and second 1 ϩ excitation in
156
Gd is less than 0.1 MeV. This is due to the small value of the coefficient involving the SU (3) irreps in Eq. ͑82͒. In 160 Gd ͑see Fig. 7͒ I. Leading irreps of the pseudo SU͑3͒ scheme for three rare-earth nuclei and the corresponding strong-coupled SU͑3͒ irreps associated with the ground-state band, the ␤ band, and the allowed 1 ϩ states that connect via the M 1 operator to the ground state. respectively, it is especially suitable for nuclei exhibiting rotational features. The capabilities of the model are increased towards a more realistic description of the features of the scissors mode by incorporating short-range interactions like pairing in the Hamiltonian. Because the pairing interaction couples different SU͑3͒ irreps, the SU͑3͒ symmetry is strongly violated which gives rise to a fragmentation of the B(M 1) strength to several states and thereby lowers the total strength due to destructive interference effects. However, the 1 ϩ states populated by the pure scissors and twist modes define the basic structure of the M 1 transition spectrum ͓35͔.
V. SUMMARY AND CONCLUSION
Using an extended version of the pseudo SU͑3͒ model that includes proton and neutron degrees of freedom, a shellmodel based geometrical interpretation of M 1 excitations in heavy nuclei has been given which is associated with the genuine TRM. On the basis of a linear connection between the invariant operators of the rotor group Rot͑3͒ and SU͑3͒ we have developed a formalism that relates the decomposition parameters of the SU (3)ϫSU (3) tensor product to the relative spatial distributions of proton and neutron subsystems which has a geometry that is similar to the one proposed in the TRM.
A generalization of the TRM is achieved by allowing for triaxial shapes of the parent configurations which requires three collective variables to specify the relative orientation of the rotors. In the corresponding SU͑3͒ case the possible irreps are determined by three quantum numbers (m,l,), where denotes the outer multiplicity label. Assuming the geometry of two axial rotors as given in the TRM, only one angle suffices to fix the relative displacement of protons and neutrons. This construction is matched by a special SU͑3͒ coupling procedure which contains only one quantum label. By invoking the mapping between the SU͑3͒ quantum numbers and the orientation angles for each particular geometry, a collective image of the intrinsic Hamiltonian which consists of the square of the relative angular momentum ͑kinetic part͒ and a proton-neutron interaction of quadrupole type ͑potential part͒ was derived. In the limit of small decomposition labels the phenomenological interaction that corresponds to the intrinsic Hamiltonian takes the form of a harmonic oscillator in one or two dimensions, depending on the associated rotor geometry. In this picture the values of the decomposition parameters are linked to the number of phonons in the system which, in turn, determines the strength of the proton-neutron interaction. The usual scissors state is realized as a one phonon excitation with Kϭ1. In addition to the scissors configuration a second degree of freedom, a twist mode, appears by allowing for triaxial shapes. Its corresponding 1 ϩ state is generated by a one phonon excitation with Kϭ0. Assuming prolate nuclei, the twist state is characterized by a lower excitation energy than the pure scissors state. This property should allow one to distinguish the modes experimentally. ϩ levels were determined by invoking the oscillator picture described in the text, while the absolute value of the first 1 ϩ excitations was adjusted by the SU͑3͒ scalars in Eq. ͑9͒. The theoretical numbers are for an assumed SU͑3͒ conserving system ͓33͔ while the experimental results were taken from Ref. ͓5͔. FIG. 7 . Experimental ͑top͒ and pseudo SU͑3͒ ͑bottom͒ M 1 strength distribution for 160 Gd, see Fig. 3 for details.
The correspondence of the SU (3)ϫSU (3) direct product with the system of coupled rotors is, of course, limited due to their different group structures. While the unitary representations of the rotor group are of infinite dimension, for any nucleus the reduction of SU (3)ϫSU (3) with respect to total SU͑3͒ only allows for a finite set of irreps which reflects the compact character of the group and leads to a termination of the harmonic structure of the intrinsic interaction. Additionally, deviations from a harmonic energy dependence occur as the decomposition parameters get larger. Fortunately, the important levels of the nuclear spectrum are contained in those representations of total SU͑3͒ which lie closest to the leading irrep and, hence, can be well described under the assumption of harmonic behavior.
The results obtained in the harmonic, SU͑3͒ conserving limit have been applied to three rare-earth nuclei with different rotor geometries according to their leading irreps in the proton-neutron space. The efficiency of the formalism is illustrated by the fact that it can reproduce the energy range of the fragmented M 1 modes and the total M 1 transition strength for nuclei with well-established rotational properties. It has been shown that the theory predicts a fragmentation of the M 1 strength into very few states. The actual number of allowed M 1 transitions depends on the underlying geometry of the parent distributions and varies from one ͑two axial rotors͒ to four ͑two triaxial rotors͒.
To put this study into perspective, it is important to realize that although a phenomenological description regarding the nature of the mode is useful for explaining its gross features and may give physical insight regarding the microscopic foundation of collective phenomena, it is clearly limited by the structure of the interactions chosen. Thus, the model as presented in this work cannot account for more sophisticated properties of the M 1 mode such as details regarding its exact fragmentation. A major building block for a more realistic treatment of the refined characteristics of the spectrum might be the pairing interaction. As has been discovered in previous studies ͓10,15,21,22͔, it has an essential impact on the deformation dependence of the total B(M 1) strength. In pseudo SU͑3͒ studies complementary to the present one, the effect of short-range correlations on the B(M 1) strength and its fragmentation has been investigated. With a focus on the exact treatment of the M 1 problem, they provide a more complete comparison of the predictions of the pseudo SU͑3͒ model with experimental data ͓35,44-46͔. In these contributions it is shown that calculations within the pseudo SU͑3͒ model provide a very reasonable description of the M 1 transition spectra of even-even Gd and Dy isotopes, including the quadratic deformation dependence of the total B(M 1) strength. The underlying scissors and twist modes determine the basic structure of the M 1 spectrum, while the introduction of noncollective interactions such as pairing give way to an increased fragmentation and a reduced total B(M 1) strength, both effects being due to mixing between different SU͑3͒ irreps. Thus, according to our investigations, the picture of the M 1 mode that should be kept in mind is that of a coherent motion of protons versus neutrons pictured as deformed ellipsoids, which is renormalized by single-particle and pairing effects. In this way one can think of the pseudo SU͑3͒ model as a proper shell-model realization of coupled rotor motion which allows for an incorporation of noncollective degrees of freedom.
The subject of forthcoming publications on the treatment of M 1 excitation within the framework of the pseudo SU͑3͒ model are the systematic analysis of the relation between nuclear shapes and the B(M 1) strengths and their fragmentation with special emphasis on ␥-soft nuclei ͓47,48͔. Regarding additional objectives, it should be clear that the model can easily be applied to spin excitations since the wave functions already include spin degrees of freedom. In this regard, the formalism allows for the treatment of odd-A and odd-odd as well as even-even nuclei. Studies of this type are planned. Indeed, an extension of our calculations to include spin is in progress.
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